An explicit expression for the cofactor related to an irreducible invariant algebraic curve of a polynomial dynamical system in the plane is derived. A sufficient condition for a polynomial dynamical system in the plane to have a finite number of irreducible invariant algebraic curves is obtained. All these results are applied to Liénard dynamical systems x t = y, y t = −f (x)y − g(x) with deg f < deg g < 2 deg f + 1. The general structure of their irreducible invariant algebraic curves and cofactors is found. It is shown that Liénard dynamical systems with deg f < deg g < 2 deg f +1 can have at most two distinct irreducible invariant algebraic curves simultaneously and consequently are not integrable with a rational first integral.
Introduction
The problem of finding invariant algebraic curves of polynomial dynamical systems in the plane has twofold interest. Firstly invariant algebraic curves produce in explicit form certain phase curves of related dynamical systems. In particular, algebraic limit cycles are given by ovals of invariant algebraic curves. Secondly the complete set of irreducible invariant algebraic curves is an important object in the study of Darboux and Liouvillian integrability of dynamical systems [1] [2] [3] [4] [5] [6] [7] [8] [9] .
Recently a novel method of finding invariant algebraic curves, which we shall call the method of Puiseux series, was introduced [10, 11] . This method was used to establish the general structure of an irreducible invariant algebraic curve for any polynomial dynamical system in the plane [10] . In the present article we present a further development of the method.
One of the novel results is an explicit expression for the cofactor related to an irreducible invariant algebraic curve. In addition, we derive sufficient condition for a polynomial dynamical systems in the plane to have a finite number of irreducible invariant algebraic curves.
Further, we apply the method of Puiseux series to famous Liénard dynamical systems x t = y, y t = −f (x)y −g(x) having a great number of physical applications. The integrability and limit cycles of Liénard dynamical systems have been intensively studied in recent years [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Odani was the first to show that Liénard dynamical systems with deg g ≤ deg f do not have invariant algebraic curves excluding some trivial cases [12] . Liouvillian integrability of Liénard dynamical systems with deg g ≤ deg f was considered by Llibre and Valls [15, 19] , see also [20] . The study of hyperelliptic limit cycles, i.e. limit cycles given by invariant algebraic curves of the form F (x, y) = (y + P (x)) 2 − Q(x), in Liénard dynamical systems was begun byŻo ladec [13] and was further continued by Llibre and Zhang [14] , Yu and Zhang [16] , Liu, Chen, and Yang [18] .
In this article we consider Liénard dynamical systems with deg f < deg g < 2 deg f + 1. In particular, we give the general structure of their irreducible invariant algebraic curves and corresponding cofactors. We prove that Liénard dynamical systems with deg f < deg g < 2 deg f +1 can have at most two distinct irreducible invariant algebraic curves simultaneously. This fact means that Liénard dynamical systems in question are not integrable with a rational first integral. As an example, all irreducible invariant algebraic curves for a family of Liénard differential system with deg f = 2 and deg g = 4 are obtained. It turns out that there exist irreducible invariant algebraic curves of more complicated structure than it was supposed before. All these results seem to be new.
This article is organized as follows. In section 2 we give a brief review of the method of Puiseux series and present novel results including the explicit expression for the cofactor of an irreducible invariant algebraic curve. In section 3 we study Liénard dynamical systems with deg f < deg g < 2 deg f + 1. In section 4 we present the classification of irreducible invariant algebraic curves for a family of Liénard differential system with deg f = 2 and deg g = 4.
The method of Puiseux series
Let us consider the following dynamical system in the plane
By C[x, y] we denote the ring of polynomials in the variables x and y with coefficients in C. The related polynomial vector field is defined as
An algebraic curve F (x, y) = 0, F (x, y) ∈ C[x, y] \ C is an invariant algebraic curve (or a Darboux polynomial) of the vector field X if it satisfies the following equation X F = λ(x, y)F , i.e.
where λ(x, y) ∈ C[x, y] is a polynomial called the cofactor of the invariant curve. It is straightforward to find that the polynomial λ(x, y) is of degree at most M − 1, where M is 2 the degree of X : M = max{deg P, deg Q}, [5, 7] . For simplicity let us slightly abuse notation and call the polynomial F (x, y) satisfying equation (2. 3) an invariant algebraic curve bearing in mind that in fact the zero set of F (x, y) is under consideration. Note that we should take only one representative from the family cF (x, y), where c ∈ C and c = 0. Regarding the variable y as dependent and the variable x as independent, we find that the function y(x) satisfies the following first-order algebraic ordinary differential equation
In what follows we suppose that the polynomials P (x, y) and Q(x, y) do not have nonconstant common factors. Solutions of this equation considered as curves in the plane can be viewed as a so-called foliation. Rewriting (2.4) as the Pfaffian equation ω = 0, where ω = Q(x, y)dx − P (x, y)dy is the corresponding 1-form, we see that the vector field X is tangent to the leaves of the foliation. Thus the problem of deriving irreducible invariant algebraic curves of the vector field X is equivalent to the problem of finding algebraic leaves of the corresponding foliation. For more details on the theory of polynomial foliations see [6] . Our aim is to describe an algebraic approach, which can be used to perform the classification of irreducible invariant algebraic curves. Note that extending the polynomial foliations from the affine plane C 2 to the complex projective plane CP 2 , one can include into consideration the behavior of foliations at infinity. This extension can be used to obtain a number of powerful results, see [6] . Similarly, the major role in the method of Puiseux series is played by Puiseux series near infinity.
Let us recall definitions of Puiseux series. A Puiseux series in a neighborhood of the point x 0 is defined as
where l 0 ∈ Z, n 0 ∈ N. In its turn a Puiseux series in a neighborhood of the point x = ∞ is given by 6) where again l 0 ∈ Z, n 0 ∈ N. It is known [24] that a Puiseux series of the form (2.5) that satisfy equation F (x, y) = 0 with F (x, y) ∈ C[x, y] is convergent in a neighborhood of the point x 0 (the point x 0 is excluded from domain of convergence if l 0 < 0). Analogously, a Puiseux series of the form (2.6) that satisfy equation F (x, y) = 0 is convergent in a neighborhood of the point x = ∞ (the point x = ∞ is excluded from domain of convergence if l 0 > 0). If n 0 > 1 then the convergence of the corresponding series is understood in the sense that a certain branch of the n 0 -th root is chosen and a cut forbidding going around the branch point is introduced. The set of all Puiseux series of the form (2.5) or (2.6) forms a field, which we denote by C x 0 {x} or C ∞ {x} accordingly.
It is straightforward to prove that invariant algebraic curves of the vector field X capture Puiseux series satisfying equation (2.4), [10, 25] . All the Puiseux series that solve equation (2.4) can be obtained with the help of the Painlevé methods [26] [27] [28] [29] , see also [10] . 3 Let W (x, y) be a formal sum of the monomials cx q 1 y q 2 , where q 1 , q 2 ∈ Q and c ∈ C. We introduces the projection {W (x, y)} + giving the sum of the monomials of W (x, y) with integer non-negative powers: q 1 , q 2 ∈ Z and q 1 ≥ 0, q 2 ≥ 0. In other words, {W (x, y)} + yields the polynomial part of W (x, y).
The following theorem was proved in article [10] .
Theorem 2.1. Let F (x, y) ∈ C[x, y] \ C, F y ≡ 0 be an irreducible invariant algebraic curve of the vector field X and related dynamical system (2.1). Then F (x, y) takes the form
where µ(x) ∈ C[x] and y 1 (x), . . ., y N (x) are pairwise distinct Puiseux series in a neighborhood of the point x = ∞ that satisfy equation (2.4). Moreover, the degree of F (x, y) with respect to y does not exceed the number of distinct Puiseux series of the from (2.6) satisfying equation (2.4) whenever the latter is finite.
The first result of the present article concerns the cofactor of an irreducible invariant algebraic curve. Let us prove the following theorem.
Theorem 2.2. Let F (x, y) given by (2.7) be an irreducible invariant algebraic curve of the vector field X and related dynamical system (2.1). Then the cofactor λ(x, y) of F (x, y) takes the form
where x 1 , . . ., x L are pairwise distinct zeros of the polynomial µ(x) with multiplicities ν 1 ∈ N, . . ., ν L ∈ N and L ∈ N ∪ {0}. If µ(x) = µ 0 , where µ 0 ∈ C, then we suppose that L = 0 and the first series is absent in (2.8).
Proof. We begin the proof representing the irreducible invariant algebraic curve F (x, y) in the field C ∞ {x} as follows
The polynomial µ(x) takes the form
If µ(x) = µ 0 , where µ 0 ∈ C, then we set L = 0. From (2.9) it follows that the correlations
are valid. Further, we find the Laurent series of the functions F x /F and F y /F near the point y = ∞. Substituting the resulting expressions into (2.3), we get 12) where the function
is also expanded into the Laurent series near the point x = ∞ Finally, we recall that λ(x, y) is a bivariate polynomial. This yields (2.8).
Note that the roles of x and y in theorems 2.1 and 2.2 can be changed. Now let us show that the degree of the polynomial µ(x), which is the coefficient at the highest-order term y N in the explicit expression of F (x, y), can be constructed with the help of Puiseux series of the form (2.5) that satisfy equation (2.4).
be an irreducible invariant algebraic curve of the vector field X and related dynamical system (2.1). If x 0 ∈ C is a zero of the polynomial µ(x), then at least one Puiseux series of the form (2.5) with l 0 < 0 satisfies equation (2.4).
Proof. Considering the field C x 0 {x}, which is algebraically closed [24] , we see that there exists uniquely determined system of elements y j, x 0 (x) ∈ C x 0 {x} such that the following representation is valid [24] F (x, y) = µ(x) 14) where N as before is the degree of F (x, y) with respect to y. The set of elements y j, x 0 (x) ∈ C x 0 {x} appearing in representation (2.14) is a subset of those satisfying equation (2.4) [25] . Let us assume that all the Puiseux series of the form (2.5) that satisfy equation (2.4) have l 0 ≥ 0. Thus all the series in representation (2.14) also satisfy this condition. Since x 0 is a zero of µ(x), we see that F (x, y) given by (2.14) is reducible. It is a contradiction. Consequently, at least one Puiseux series near the point x 0 with negative exponent at the leading-order term satisfies equation (2.4).
Consequence. If for all x 0 ∈ C the Puiseux series of the form (2.5) satisfying equation (2.4) have non-negative exponents at the leading-order terms, then µ(x) = µ 0 , where µ 0 is a constant. Without loss of generality, one can set µ 0 = 1. Lemma 2.2. Suppose there exists finite number of Puiseux series of the form (2.5) that satisfy equation (2.4) and have negative exponents at the leading-order terms:
If F (x, y) is an irreducible invariant algebraic curve of the vector field X and related dynamical system (2.1), then the multiplicity ν 0 ∈ N of the zero of the polynomial µ(x) at the point x 0 satisfies the inequality
Proof. Again we consider the representation of F (x, y) in the field C x 0 {x}, which is given by (2.14). The Puiseux series appearing in this representation satisfy equation (2.4) [25] .
Rewriting the polynomial µ(x) as µ(x) = µ 0 (x − x 0 ) ν 0 + . . ., where µ 0 = 0, we see that the factor (x − x 0 ) ν 0 should compensate the terms with negative exponents in such a way that the resulting expression is an irreducible polynomial. The multiplicity of µ(x) at its zero x 0 is the highest if all the series given by (2.15) are captured by representation (2.14) and other Puiseux series in (2.14) have non-zero coefficients at (x − x 0 ) 0 . Since F (x, y) is irreducible, we see that each series y j, x 0 (x) given by (2.15) can enter representation (2.14) at most once. Assuming that condition (2.16) is not satisfied, we come to a contradiction. Indeed, the polynomial F (x, y) given by (2.14) is reducible whenever condition (2.16) is not satisfied. This completes the proof. Now we shall study uniqueness properties of irreducible invariant algebraic curves of the vector field X . Theorem 2.3. Suppose a Puiseux series y(x) of the form (2.5) or (2.6) with uniquely determined coefficients satisfies equation (2.4); then there exists at most one irreducible invariant algebraic curve F (x, y) of the vector field X and related dynamical system (2.1) such that this series is captured by F (x, y), i.e. F (x, y(x)) = 0.
Proof. The proof is by contradiction. Let us suppose that the vector field X and related dynamical system (2.1) possess at least two distinct irreducible invariant algebraic curves given by the polynomials F 1 (x, y) and F 2 (x, y) such that F 1 (x, y(x)) = 0 and F 2 (x, y(x)) = 0. We see that these two curves intersect in an infinite number of points inside the domain of convergence of the series y(x). It follows from the Bézout's theorem that there exists a polynomial both dividing F 1 (x, y) and F 2 (x, y). The polynomial F 1 (x, y) is irreducible. Thus we conclude that F 2 (x, y) = h(x, y)F 1 (x, y) , where h(x, y) ∈ C[x, y]. But the polynomial F 2 (x, y) is also irreducible. Consequently, h ∈ C and the polynomials F 1 (x, y) and F 2 (x, y) define the same curve. It is a contradiction. is finite, then the vector field X and related dynamical system (2.1) possess a finite number (possibly none) of irreducible invariant algebraic curves and, consequently, cannot have a rational first integral. Moreover, the number of distinct irreducible invariant algebraic curves F (x, y) such that F y ≡ 0 does not exceed the number of distinct Puiseux series of the form (2.6) that satisfy equation (2.4).
Proof. It is straightforward to show that the number of irreducible invariant algebraic curves that do not depend on y is finite. Indeed, substituting F = x − x 0 , x 0 ∈ C into equation (2.3), we get P (x, y) = λ(x, y)(x − x 0 ). It follows from this relation that there may exist only a finite number of admissible values of the parameter x 0 .
Further, recalling the Newton-Puiseux algorithm of finding Puiseux series in explicit form [24] , we see that polynomials F (x, y) representing irreducible invariant algebraic curves in the case F y ≡ 0 cannot involve an arbitrary parameter. Indeed, if such a parameter existed, then it would enter Puiseux series appearing in representation (2.7). But all these series satisfy equation (2.4) and have no arbitrary parameters according to the statement of the theorem. Note that we do not take into consideration the parameter c resulting from the equivalence F ∼ cF . It follows from the previous observations and theorem 2.3 that the number of distinct irreducible invariant algebraic curves is finite. This number is the highest if all the Puiseux series of the form (2.6) satisfying equation (2.4) are Laurent series that terminate at zero term. In such a case this number is equal to the number of distinct Puiseux series of the form (2.6) that satisfy equation (2.4). Finally, supposing that the vector field X and related dynamical system (2.1) are integrable with a rational first integral, we come to a contradiction. Indeed, in such a case all (not some) integral curves are algebraic.
Remark. Similar theorem is valid if Puiseux series of the form (2.5) that satisfy equation (2.4) are considered.
Concluding this section let us present the resulting description of the method of Puiseux series.
At the first step one should find all the Puiseux series (near finite points and infinity) that satisfy equation (2.4) .
At the second step one uses theorem 2.1 and lemmas 2.1, 2.2 in order to derive the structure of an irreducible invariant algebraic curve and its cofactor, see relations (2.7) and (2.8) . Note that at this step all possible combinations of Puiseux series near infinity found at the first step should be considered if one wishes to classify irreducible invariant algebraic curves. Requiring that the non-polynomial part of expression in brackets in (2.7) vanishes, one obtains a system of algebraic equations. This system contains infinite number of equation. In practice one takes several first equations. Note that equations resulting from the fact that the non-polynomial part of expression in brackets in (2.8) should vanish can be also considered.
At the third step one solves the algebraic system and makes the verification substituting the resulting irreducible invariant algebraic curve and its cofactor into equation (2.3). Remark 1. In the above, we have considered irreducible invariant algebraic curves F (x, y) such that F y (x, y) ≡ 0. Irreducible invariant algebraic curves of the form F = F (x) can be found substituting expression F = x − x 0 with x 0 ∈ C into equation (2.3) and setting to zero the coefficients at different powers of y.
Remark 2. If the polynomial vector field under consideration possesses a rational first integral, then there exist infinite number of irreducible invariant algebraic curves. In such a situation one needs to construct the irreducible invariant algebraic curves F 1 (x, y) , . . ., F K (x, y) such that their cofactors λ 1 (x, y), . . ., λ K (x, y) satisfy the following condition [1] 
(2.17)
All other irreducible invariant algebraic curves are expressible via F 1 (x, y), . . ., F K (x, y).
Recall that a rational function R(x, y) ∈ C(x, y) \ C is a rational first integral of the vector field X if X R = 0. For another method of finding rational first integrals, which uses Tailor and Puiseux series, see the work by Ferragut and Giacomini [30] . An example of the method of Puiseux series in practice will be given in section 4.
Invariant algebraic curves for Liénard dynamical systems
The polynomial dynamical systems of the form
are known as Liénard dynamical systems. In this article we suppose that f (x) and g(x) are polynomials
with coefficients in the field C. In addition we set m < n < 2m + 1. The case n = m + 1 was considered in [11] . Let us prove the following theorem.
Theorem 3.1. Let F (x, y) ∈ C[x, y]\C be an irreducible invariant algebraic curve of Liénard dynamical system (3.1) with deg f < deg g < 2 deg f + 1. Then F (x, y) and its cofactor take the form
where k = 0 or k = 1, N ∈ N, and y 1 (x), . . ., y N (x) are the series
The coefficients of the series of type (II) and of the polynomials Proof. Invariant algebraic curves of dynamical system (3.1) satisfy the following equation
Substituting F = F (x) into this equation, we verify that there are no invariant algebraic curves that do not depend on y. Let F (x, y), F y ≡ 0 be an irreducible invariant algebraic curve of dynamical system (3.1). Equation (2.4) now takes the form
For all x 0 ∈ C the Puiseux series of the form (2.5) satisfying equation (3.8) have nonnegative exponents at the leading-order terms. Using lemma 2.1, we find µ(x) = µ 0 , where µ 0 is a constant. Without loss of generality, we set µ 0 = 1. There exist only two dominant balances that produce Puiseux series in a neighborhood of the point x = ∞. These balances and their solutions are the following
In the case (I) the corresponding Puiseux series has one arbitrary coefficient at x 0 if the compatibility condition related to the unique Fuchs index l 0 = m + 1 is satisfied. Let us recall that the definition of Fuchs indices depends on the numeration of the series under consideration. Definitions of dominant balances and Fuchs indices can be found in [10, [26] [27] [28] [29] . In this article we use the numeration for all the series as given in (2.5) and (2.6). If the parameters of system (3.1) are chosen in such a way that this condition is not satisfied, then the series of type (I) does not exist. All the coefficients of the series of type (II) are uniquely determined. Note that the Puiseux series are in fact Laurent series, they are given in (3.5). Representing F (x, y) in the field C ∞ {x} and taking the polynomial part of this representation, we obtain (3.3). Since the polynomial F (x, y) in (3.3) is irreducible, we see that the series y 1 (x), . . ., y N −k (x) should be pairwise distinct, see theorem 2.1. Thus the irreducibility of F (x, y) requires the coefficients c (j) m+1 , j = 1, . . . , N − k to be pairwise distinct and k = 0 or k = 1.
Finally, substituting L = 0 (µ(x) = 1) and series (3.5) into expression (2.8), we find the cofactor as given in (3.4) . This completes the prove.
Remark. If the parameters of system (3.1) are chosen in such a way that the compatibility condition for the series of type (I) is not satisfied, then the unique irreducible invariant 9 algebraic curve takes the form
n−m provided that the series of type (II) terminates at zero term.
Further, our aim is to show that there exist a dynamical system equivalent to Liénard dynamical system (3.1) such that the algebraic ordinary differential equation related to this new system possesses finite number of Puiseux series near infinity with respect to one of the variables. Let us introduce the invertible change of variables x = s, y = z + q(s) ↔ s = x, z = y − q(x). The polynomial q(x) is given in (3.6). Substituting the series of type (I) into equation (3.8), we find the following recurrence relation
where q 0 = −f 0 /(m + 1), g −l = 0, l ∈ N and the second sum equals zero in the case l = 1. The new dynamical system takes the form
There exists the one-to-one correspondence between irreducible invariant algebraic curves F (x, y) of Liénard dynamical system (3.1) and irreducible invariant algebraic curves G(s, z) of system (3.11).
\ C is an irreducible invariant algebraic curve of dynamical system (3.11), where the coefficients of the polynomial q(s) are given by (3.10).
Then the degree of G(s, z) with respect to s is either 0 or m + 1.
Proof. Let G(s, z) be an irreducible invariant algebraic curve of dynamical system (3.11) .
In what follows we regard s as a dependent variable and z as an independent. Our aim is to find the representation of G(s, z) in C ∞ {z}. The equation for the function s(z) reads as
Using the definition of the polynomials f , g, and q, we obtain the following relations
It follows from these relations that equation (3.12) possesses only one dominant balance producing Puiseux series in a neighborhood of the point z = ∞. This balance and its solutions take the form
where b − (m + 1) = 0. The balance (3.14) is algebraic. We find m + 1 distinct Puiseux series in a neighborhood of the point z = ∞. The representation of G(s, z) in C ∞ {z} is the following
where ν(z) ∈ C[z] and n k = 0 or n k = 1. Since G(s, z) should be a polynomial, we obtain from representation (3.15) that the degree of G(s, z) with respect to s is either 0 (n k = 0, k = 1, . . . , m + 1) or m + 1 (n k = 1, k = 1, . . . , m + 1).
The latter theorem is very important for applications, because the bound on the degrees of irreducible invariant algebraic curves established in this theorem can be used to find all irreducible invariant algebraic curves of systems (3.1) and (3.11) in explicit form. It follows from theorem 2.4 that the number of distinct irreducible invariant algebraic curves of dynamical system (3.11) is finite. The same is true for Liénard dynamical systems (3.1), see theorem 3.3 below.
The change of variables x = s, y = z + q(s) ↔ s = x, z = y − q(x) allows us to make a refinement in theorem 3.1. Proof. Any irreducible invariant algebraic curve F (x, y) given by (3.3) with k = 0 corresponds to an irreducible invariant algebraic curve G(s, z) of dynamical system (3.11) such that the polynomial G(s, z) does not depend on s. The latter, if exists, takes the form G(s, z) = z − z 0 with z 0 ∈ C. Consequently, irreducible invariant algebraic curves of dynamical system (3.1), if any, are of the form F (x, y) = y − q(x) − z 0 provided that k = 0. Theorem 3.3. Liénard dynamical systems (3.1) with deg f < deg g < 2 deg f + 1 and fixed coefficients of the polynomials f (x) and g(x) have at most two distinct irreducible invariant algebraic curves simultaneously.
Proof. First of all we recall that Liénard dynamical systems (3.1) have no invariant algebraic curves that do not depend on y. Further, it follows from theorem 2.3 that there exists at most one irreducible invariant algebraic curve with k = 1 in representation (3.3).
Using lemma 3.1, we see that if k = 0 in representation (3.3), then N = 1. In this case irreducible invariant algebraic curves, if any, can be written as F (x, y) = y − q(x) − z 0 . If such curves exist, then algebraic ordinary differential equation (3.8) should have a polynomial solution of the form y(x) = q(x)+z 0 . Substituting this function into the equation in question and using the fact that the coefficients of the polynomials f (x), g(x), and q(x) are uniquely determined, we find the unique value z 0 . The same result can be obtained if we recall that invariant algebraic curves in the case k = 0 and N = 1 can be obtained requiring that the series of type (I) terminates at zero term. Analyzing the recurrence relation for the coefficients of this series, which is similar to (3.10), we see that the first appearance of c m+1 in the expressions for c m+1+l , l ∈ N is with non-zero coefficient and unit exponent. 11
Let us sum up our results: if the two distinct irreducible invariant algebraic curves exist, then the first has k = 1 in representation (3.3) and the second is of first degree with respect to y and takes the form F (x, y) = y − q(x) − z 0 .
Consequence. Liénard dynamical systems (3.1) with deg f < deg g < 2 deg f + 1 are not integrable with a rational first integral.
Examples
As an example, we shall consider the Liénard dynamical system of type deg f = 2, deg g = 4:
The change of variables x → X(x + x 0 ), y → Y y, T → T t, XY T = 0 relates system (4.1) with its simplified version at ζ = 3, ε = −3, and β = 0. Thus without loss of generality, we obtain the dynamical system
The complete set of irreducible invariant algebraic curves for dynamical system (4.2) is rather cumbersome. We shall present results for the dynamical systems with ξ = −2. We have chosen this family because there exist irreducible invariant algebraic curves of degrees (with respect to y) higher than 2. It seems that the classification of irreducible invariant algebraic curves for families of Liénard dynamical system of type deg f = 2, deg g = 4 is presented here for the first time. Now we consider the case k = 1 and N > 1. We calculate several first coefficients of the Puiseux series under consideration. Requiring that the non-polynomial part of the expression in brackets in (4.4) vanishes, we obtain necessary conditions for invariant algebraic curves to exist. Deriving the coefficients at y N −1 x −l , l ∈ N in the representation of F (x, y) in the field C ∞ {x} yields the following relations } m , where m ∈ N. Setting ξ = −2, we solve this system. In practice we need the first fifteen relations given by (4.10) in order to find all other irreducible invariant algebraic curves. Sufficiency we verify by direct substitution into equation (2.3). The results are gathered in table 1.
Conclusion
In this article we have derived an explicit expression for the cofactor related to an irreducible invariant algebraic curve of a polynomial dynamical systems in the plane. We have investigated uniqueness properties of irreducible invariant algebraic curves for planar polynomial dynamical systems. We have presented the general structure of irreducible invariant algebraic curves and their cofactors for Liénard dynamical systems with deg f < deg g < 2 deg f + 1. We have proved that Liénard dynamical systems in question can have at most two distinct irreducible invariant algebraic curves simultaneously.
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